Motivated by recent works in Levi degenerate CR geometry, this article endeavours to study the wider and more flexible para-CR structures for which the constraint of invariancy under complex conjugation is relaxed.
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Introduction
In [56] , Nurowski-Sparling explored in depth the close relationships between the geometry associated with second order ordinary differential equations defined modulo point transformations of variables, and the geometry of three-dimensional Cauchy-Riemann (CR) structures. The goal of this article is to explain how certain degenerate five-dimensional CR structures give rise, analogously, to certain closely tied pairs of PDEs, and then, to find all the concerned homogeneous geometries.
Because a forthcoming survey [51] will expose historical and synthetic aspects, we directly come to the heart of the matter, i.e. we start by presenting the PDE systems studied in this article. Then we perform a precise description of the contents of our contribution.
Given a C ω real hypersurface M 5 ⊂ C 3 of complex-graphed equation:
obtained by solving for w a real implicit equation ρ(z 1 , z 2 , w, z 1 , z 2 , w) = 0, one can forget about complex conjugation, work over the field K = R or K = C, and consider instead, in coordinates (x, y, z, a, b, c) a so-called submanifold of solutions M ⊂ K 2+1 x,y,z × K 2+1 a,b,c having two equivalent equations: z = Q(x, y, a, b, c) and c = P(a, b, x, y, z).
One thinks that (x, y, z) are the variables, while (a, b, c) are the parameters. Two Levi forms, with respect to parameters and with respect to variables, can be defined They are represented by two 2 × 2 matrices: Furthermore, these two Levi forms are linked in a way [49, Lm. 9 .1] that guarantees:
rank Levi par (Q) = rank Levi var (P).
As in [52] , we will assume that the Levi forms have (common) constant rank 1. Also, similarly as for CR manifolds, two nonequivalent notions of 2-nondegeneracy, with respect to parameters and to variables, may be defined [49, Sections 15, 20] . They are expressed invariantly by:
and 0 = P x P y P z P ax P ay ω 1 := dz − pdx − Fdy, ω 2 := dp − rdx − DFdy, ω 3 := dr − Hdx − D 2 Fdy, ω 4 := dx,
Similarly to the CR case ( [60, 52, 20] ), we perform several torsion normalizations, which lead us to change the initial coframe on M into:
and we invariantly reduce the G-structure to only 4 parameters ρ, φ, f 2 ,f 2 -plus one extra parameter u 1 -, the bar having nothing to do with complex conjugation except some analogy link with the CR computations in [52] :
After computational cleaning, we obtain our first result, which happens to be the para-CR analog of [20, Thm. 13 .1].
Theorem 1.1. On the bundle G 9 = M 5 × G 4 with M 5 (x, y, z, p, r) times R 4 (ρ, φ, f 2 , f 2 ), there exist four 1-forms Ω 1 , Ω 2 , Ω 3 , Ω 4 with θ 1 , θ 2 , θ 3 , θ 4 , θ 5 , Ω 1 , Ω 2 , Ω 3 , Ω 4 linearly independent at every point which satisfy the following para-CR invariant exterior differential system:
where I 1 , I 2 , I 3 are explicit relative differential invariants on the base M:
and where (·)| i for i = 1, . . . , 5 denote directional derivatives along the vector fields X i dual to θ i .
|5
Flat model 
Next, in the branch I 3 ≡ 0, the equations (1.2) become:
Here, I 1 and I 2 are relative invariants.
In the sub-branch I 2 = 0, we first normalize ρ, u 1 ,f 2 . Then I 2 | 5 becomes a relative invariant. We show that I 2 | 5 ≡ 0 leads to a differential contradiction. When I 2 | 5 = 0, we can also normalize φ, f 2 , hence obtaining an {e}-structure on the base M, cf. [60, 52] . At first, certain 12 scalar constant curvatures appear, and by looking at differential consequences of d • d = 0, they reduce to one pair of 1-parameter solutions and we come to Maurer-Cartan type equations, parametrized by any s ∈ R, again with = ±1:
Lastly, when I 2 ≡ 0, we show that I 1 ≡ 0 too necessarily, and we show that the structure equations are those of the model z y = 1 4 (z xx ) 2 & z xxx = 0. The diagram above summarizes these explanations.
By general features of Cartan's method, all obtained para-CR structures are pairwise not equivalent.
To conclude, by setting up the PDEs associated to para-CR submanifolds of solutions inspired from Fels-Kaup's list [25] , we realize all these homogeneous models as stated in our main Theorem 1.2. Homogeneous models for 2-nondegenerate PDE five variables para-CR structures are classified by the following list of mutually inequivalent models:
with z x > 0 for any real b ∈ [1, 2);
where the function f is determined by the implicit equation:
and where:
for any real b > 0.
The body of the paper is devoted to provide a streamlined exposition of our Cartan-type techniques. In the last Section 5, the reader will find the Lie algebras of point symmetries of these models (i), (ii), (iiia), (iiib).
Preliminaries

2.1.
Five dimensional para-CR manifolds with Levi form degenerate in one direction. A 5-dimensional CR manifold whose Levi form is degenerate in precisely one direction, and which is not locally CR-isomorphic to a product of a 3-dimensional CR manifold times C, is called 2-nondegenerate at a generic point. It is well known that the flat model for 5-dimensional 2-nondegenerate CR manifolds, is a 'tube over the future light cone' [29] , and as such can be embedded in C 3 with coordinates (x, y, z) as:
This CR manifold is flat in the sense that it has maximal group of local symmetries among all 5-dimensional 2-nondegenerate CR manifolds. This symmetry group is isomorphic to SO (3, 2) . In other words all 5-dimensional 2-nondegenerate CR manifolds are described in terms of a Cartan reduction to an {e}-structure, with flat model having Maurer-Cartan equations of the Lie group SO (3, 2) , and a CR manifold is locally equivalent to the tube over the future light cone if and only if the curvature of this connection identically vanish ( [36, 45, 52] ).
In this paper we will study a para-CR version of 5-dimensional 2-nondegenerate CR manifolds. As explained in details in [34, 48] a geometry of para-CR manifolds is closely related to the geometry of certain systems of PDEs. To see this consider the tube over the future light cone (2.1) and think about variables (x, y, z,x,ȳ,z) as beeing real, i.e. (x, y, z,x,ȳ,z) ∈ R 6 = R 3 ⊕ R 3 , where we have put a bar over the second R 3 in the summand, to emphasize the difference between the real variables (x, y, z) and the real variables (x,ȳ,z).
Treating (x, y, z,x,ȳ,z) in (2.1) as real, we solve this equation for z obtaining
And now we interpret this expression as a defining formula for a 3-parameter family of functions z = z(x, y;x,ȳ,z) on the plane (x, y), with (x,ȳ,z) enumerating the members of the family. We calculate the derivatives z x , z y and z xxx and observe that regardless of (x,ȳ,z) we have
Conversely, a system of PDEs on the plane (2.3) for the unknown z = z(x, y) has (2.2) as its most general solution. Para-CR structures associated with the system of PDEs defined in the title of this article and, in particular, the para-CR structure associated with the system (2.3), according to Definition 2.3 from [34] , is of type (1, 2, 2) i.e. is defined in terms of an equivalence class [(ω 1 , ω 2 , ω 3 , ω 4 , ω 5 )] of 1-forms on a 5-dimensional manifold M such that:
• two choices of 1-forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) and (ω 1 ,ω 2 ,ω 3 ,ω 4 ,ω 5 ) are equivalent iff there exist real functions f, f i , f i j , with i, j = 2, 3, 4, 5, such that:
A para-CR structure has the Levi form degenerate in precisely one direction if and only if in the class of forms (2.4) there exists a representative (ω 1 ,ω 2 ,ω 3 ,ω 4 ,ω 5 ) such that dω 1 ∧ω 1 =ω 2 ∧ω 4 ∧ω 1 . In the case when a para-CR structure has a Levi form degenerate in precisely one direction, it is 2-nondegenerate if and only if in the class of forms (2.4) there exists a representative (ω 1 ,ω 2 ,ω 3 ,ω 4 ,ω 5 ) such that
Given a PDE system (2.3) one can consider a 5-dimensional manifold M of second jets for the function z, parameterized by (x, y, z, z x , z xx ), and define 1-forms
One can easilly verify that they satisfy the integrability conditions (2.5). Thus, they define a (1, 2, 2) type para-CR structure on M by considering all five-tuples of 1-forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) given by
As explained in [34] this para-CR manifold describes the same differential geometry as the system of PDEs (2.3) considered modulo point transformations of variables.
2.2.
The flat model and its EDS. Let (ω 1 ,ω 2 ,ω 3 ,ω 4 ,ω 5 ) be the forms (2.6) defining the para-CR structure corresponding to the PDE system (2.3). We use an equivalent representative of these forms given by
(2.9)
They satisfy the system:
These equations show, in particular, that the para-CR structure defined by the PDE system (2.3) has the Levi form degenerate in precisely one direction and that it is 2-nondegenerate.
For reasons which will be clear in the proof of Theorem 2.1 it is convenient to define the following auxiliary 1-forms:
(2.10) 1 = 0, 2 = z xx ω 5 , 3 = 0, 4 = 0, 5 = 0.
Although majority of these forms are vanishing, they will not vanish in the case of a general system of PDEs defined in the title of this article.
With these auxiliary forms the system of ten 1-forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 , 1 , 2 , 3 , 4 , 5 ) on M satisfies an EDS:
(2.11) 
and a rigid coframe (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 , Ω 1 , Ω 2 , Ω 3 , Ω 4 , Ω 5 ) on G satisfying:
(2.14)
Proof. The proof of this theorem follows from the observation that the forms
to M, by an identity section σ : M → G, of a flat so(3, 2)-valued Cartan connection
The relation between the pullback B and the Cartan connection ω is given by
with U given by (2.13). On the identity section we have U = id, and ω = B. Relation (2.16), when written component by component, gives
and
,
In these expressions the forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) are as in (2.9). Check, in particular, that on the identity section given by
, which explains why we introduced the forms ω i in (2.10).
The fact that the above coframe
satisfied by the Cartan connection ω. This can be checked by a direct calculation using the explicit expressions for (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 , Ω 1 , Ω 2 , Ω 3 , Ω 4 , Ω 5 ) given above.
Thus, the Cartan connection ω given by (2.15) is flat, and the so(3, 2)-valued 1-form ω can be interpreted as a Maurer-Cartan form on the group SO(3, 2). The Cartan bundle G → M is then identified as a realization of the homogeneous model G → SO(3, 2) → M = SO(3, 2)/G, which has a natural para-CR structure related to forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) being in the same equivalence class as the respective descendent forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ). Obviously this structure has SO(3, 2) as its group of symmetries.
Nonflat case; four basic invariants
Now we generalize the flat example of Subsections 2.1-2.2 to systems of PDEs on the plane of the form
We introduce the standard notation
i.e. we have
We note that for this system of equations to be equivalent to a 2-nondegenerate para-CR manifold we have to assume F r = 0 and F pp = 0. In addition, this system is of finite type, or, what is the same, its general solution can be written as z = z(x, y;x,ȳ,z), if and only if D 3 F = ∆H, with
From now on, we consider only systems (3.1) satisfying
We now define a 2-nondegenerate para-CR structure on a 5-manifold M associated with the equations (3.1), (3.3) by introducing an equivalence class of 1-forms as in (2.7)-(2.8), but this time with forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) given by:
These forms live on a manifold M parameterized by (x, y, z, p, r), which is the 5dimensional manifold of second jets for functions z = z(x, y). The differentials of the initial forms are as follows:
Here we introduce abbreviations such as ∆H r , or DDF z , and abbreviations analogous to them. They mean: Now, till the end of this Section, will adopt the convention that if f is a differentiable function on M, then its coframe derivatives will be denoted by a subscript running from 1 to 5:
Now we consider the most general forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) defining the same para-CR structure:
We force the lifted 1-forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) to satisfy a nonzero curvature version of equations (2.14) . In particular we want the forms (θ 1 , . . . , θ 5 ) to satisfy the first five of these equations: (3.9)
with 'torsions' t i jk as 'minimal' as possible. Although an ultimate goal would be to find a unique way of normalizing these torsions in such a way that the resulting system for the forms (θ i , Ω µ ) describes a curvature of an so(2, 3) Cartan connection, we are not that ambitious here. Our aim is to find all pairwise locally nonequivalent homogeneous models for these para-CR structures, so we are happy with any set of normalizations allowing to achieve this task.
Actually, in the following we will require that the forms (θ i , Ω µ ) should be linearly independent at each point, and that they should satisfy equations (3.10) with t 1 ij = t 2 ij = t 4 ij = 0 for all i, j = 1, 2 . . . , 5, and t 3 12 = t 3 15 = t 3 24 = t 3 25 = 0, and t 3 ij = 0 for all 3 ≤ i < j ≤ 5, as well as t 5 13 = t 5 14 = t 5 ij = 0, for all 2 ≤ i < j ≤ 5 with an exception of t 5 45 = 0. This means that we will require that our invariant forms will satisfy the following restricted form of equations (3.9): (3.10)
Note that we additionally require an equality of the coefficients at θ 1 ∧ θ 3 in dθ 3 and at θ 1 ∧ θ 5 in dθ 5 .
We have the following theorem.
with the matrix S given by
The nonvanishing torsions t 3 14 , t 3 23 , t 5 12 , t 5 45 read:
The vanishing or not of each of the quantities A, B, C,C is an invariant property of the corresponding para-CR structure. The forms Ω 1 , Ω 2 , Ω 3 , Ω 4 are given explicitly in terms of the defining functions of the para-CR structure, their derivatives, fiber variables (ρ, φ, f 2 ,f 2 ), and one new real variable, which we call u 1 .
Proof. We use the normalization equations (3.10).
We first impose equation
This immediately gives
. Then we go to impose
which additionally gives
. After these normalizations we have (3.7) in the form
Now we impose the first equation
This defines the 1-form Ω 1 as:
Note that to define this form we needed to introduce a new variable u 1 . Thus we have normalized our forms (θ i , Ω µ ) in such a way that
Let us pass to the equations E 2 = 0 and E 4 = 0. We first impose
It is easy to check that this is equivalent to
Now it is easy to solve for Ω 3 and Ω 4 from
This
gives
where we have indicated that both of these forms are given modulo an addition of a term proportional to θ 1 by introducing new variables u 3 and u 4 . Next we impose
This gives
gives t 3 23 and t 5 45 precisely as in the thesis of the theorem. It also gives that: (3.16)
Finally,
gives t 3 14 and t 5 12 precisely as in the thesis of the theorem. It also gives an explicit formula for t 3 13 , u 2 , u 3 and u 4 . In particular,
with a function T on M having a property that it vanishes when C ≡ 0. It is also worth mentioning that in the obtained formulas u 2 depends on the para-CR structure and the variables (ρ, φ, f 2 ,f 2 ), and u 3 and u 4 depend on the para-CR structure and the variables (ρ, φ, f 2 ,f 2 , u 1 ).
Note that with the normalizations (3.12), (3.13), (3.15) and (3.16), the matrix S bringing the forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) to (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) becomes precisely as in the thesis of the theorem, provided that we change fiber coordinates according
The relation between relative invariantC and C together with its coframe derivatives, is a consequence of integrablity conditions (d 2 ≡ 0) for the system (3.5) and, in particular, the condition that d 2 H r ≡ 0.
This finishes the proof.
An immediate consequence of this theorem is the following Corollary 3.3. It is always possible to force the lifted coframe (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) of a PDE five variables para-CR structure to satisfy the following exterior differential system:
Here, the functions A, B, C andC are functions on the base manifold M, where the para-CR structure is defined, and are obtained in terms of the functions F and H defining the para-CR structure and their derivatives, i.e. they do not depend on the fiber coordinates (f 2 ,f 2 , ρ, φ). The function Q depends on fiber coordinates as t 3 13 in (3.17).
4.
Cartan's reduction: homogeneous models 4.1. New notation and the relative invariants. Corollary 3.3 assures that by means of transformations (3.7) we can always bring the initial 1-forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) defining our PDE five variables para-CR structure via (3.4), into an equivalent set of 1-forms on a para-CR manifold M satisfying the following EDS:
(4.1)
with some set of auxiliary forms ( 1 , 2 , 3 , 4 ) and certain functions V, I 1 , I 2 , I 3 and I 4 on M. For this it is enough to take a section σ := f 2 = 0,f 2 = 0, ρ = 1 3 , φ = 0, u 1 = 0 of this bundle over M which is described in Corollary 3.3, and to take the σ pullbacks of the forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 , Ω 1 , Ω 2 , Ω 3 , Ω 4 ) as the forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 , 1 , 2 , 3 , 4 ) in the EDS (4.1). In terms of this pullback the functions I 1 , I 2 , I 3 , I 4 become the respective relative invariants A, B, C,C of the considered para-CR structure.
Due to Corollary 3.3 the system (4.1) can be also interpreted as the structural EDS for any PDE five variables para-CR structure on a nine-dimensional bundle G 9 → M over the para-CR manifold M, where all the nine 1-forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 , 1 , 2 , 3 , 4 ) are linearly independent, and the functions V, I 1 , I 2 , I 3 , I 4 are functions on the bundle. For this think about (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 , 1 , 2 , 3 , 4 ) as (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 , Ω 1 , Ω 2 , Ω 3 , Ω 4 ), and of V, I 1 , I 2 , I 3 ,
C, e φ 3ρC in (3.18), respectively. In the following we will use the para-CR structural system (4.1) having in mind both of the above interpretations. Essentially every argument we will give can be interpreted either in the first or in the second way. It is a matter of convenience to choose one of them. For example, in this section, we will adopt the following notation:
Consider a differentiable function f as a function on bundle G 9 , i.e. use the second interpretation. Its differential decomposes onto the basis of the 1-forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 , 1 , 2 , 3 , 4 ) on G 9 and we denote the coeffcients of this decomposition as:
We especially do not assign particular notation to the dotted coefficients, because once the notation for the coeffcients at ω µ is set, the dotted coeffcients follow from d 2 = 0 applied to the system (4.1) and to f.
Thus, in the bundle G 9 interpretation, the symbol f |µ denotes the directional derivative of f in the direction of the vector field X µ , which constitutes the µ component of the basis of vector fields (X 1 ,
On the other hand, if we interpret the system (4.1) directly on M, the introduced notation (4.2) for df, does not mean anymore that e.g. f |3 is the coframe ω 3 derivative f 3 of f, but that it is a corrected coframe ω 3 derivative by the terms coming from the dotted coeffcients standing at ω 3 parts of i s. This happens because now the forms i are linearly dependent on ω µ s.
Anyhow, it turns out that when compared with the notation for df introduced in (3.6), the new notation, as in (4.2), considerably simplifies the formulas we are going to derive in this section.
So now, having both interpretations of the system (4.1) in mind, and knowing that it encodes all the structural information about an arbitrary PDE five variables para-CR structure, we consider it as an abstract exterior differential system, and we will close it, namely apply the condition d 2 ≡ 0, as far as it is needed for our purposes, obtaining in particular information on the derivatives of the structural functions I 1 , I 2 , I 3 , I 4 and V.
This leads to the following statement.
Proposition 4.1. The differential consequences of the system (4.1) are:
The coefficients J 1 , J 2 , . . . , J 8 are not important here.
We now use this proposition interpreting forms (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) as defining a specially adapted coframe of an arbitrary PDE five variables para-CR structure, and use it to build the lifted coframe (3.7) which satisfies equations of the form (3.9) . This in turn, by the same procedure which we used to get Theorem 3.2, leads to the reinterpretation of this Theorem and Corollary 3.3 into the following form:
The torsion normalizations equations (3.10) applied to the forms (3.7) with (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) satisfying (4.3) yield the following para-CR invariant differential system (4.5)
Proof. Since this Corollary is just a reformulation, in the new notation, of Theorem 3.2 we only give the matrix S = (S µ ν ) which, via θ µ = S µ ν ω ν , brings the system (4.3) to the system (4.5). It is not a surprise that this matrix is precisely given by the formula (3.11) .
This shows that in the notation of this section the simplest relative invariants of the considered para-CR structures are I 1 , I 2 , I 3 and I 3 |5 . In particular the structures with the structural function I 3 = 0 and I 3 = 0 are locally para-CR nonequivalent. After this normalization the form Ω 2 becomes dependent on the forms Ω 1 , θ µ , and thus it disappears from the equations (4.5). Actually, the entire combination Ω 2 − 1 2 Ω 1 disappears from these equations. This in particular gives
with the coefficient K = 4(I 3 ) 5 u 1 + L. Here u 1 is an auxiliary variable introduced when normalizing the system (4.5). It is analogous to u 1 introduced in (3.14) . The quantity L depends on the structural function I 3 , its derivatives, and the free fiber coordinates φ, f 2 andf 2 , only. The explicit linear u 1 -dependence of K, where the u 1 term is multiplied by a fifth power of I 3 , which is assumed not to vanish, enables us to normalize the coefficient at θ 1 ∧ θ 2 in dθ 2 to 0,
This eliminates the auxiliary variable u 1 from the system. After this normalization we get in paricular that:
. This enables for further reduction, by forcing the coefficient of θ 2 ∧ θ 4 to vanish. This results in the restriction of the system (4.5) to a section
on which the form Ω 4 becomes dependent on Ω 3 and θ µ s. Thus, it is not present in the reduced system in which, in particular the differential of θ 2 reads:
This shows that when I 3 = 0, which we assume in this section, the structural functions I 3 |3 and I 3 |5 are relative invariants of such para-CR structures. In particular, if we have two para-CR structures, one with I 3 |5 = 0 and the other with I 3 |5 = 0, then they are locally para-CR nonequivalent.
Let us first concentrate on the case when
In this case we can normalize the term at θ 2 ∧ θ 5 in dθ 2 to be equal to − , where = sgn(
This results in further reduction of the system (4.5) to the section on which φ = 1 2 log( I 3 I 3 |5 ). This makes Ω 1 dependent on θ µ s only, and eliminates Ω 1 from the variables in the reduced EDS. Then in particular, the differential of θ 1 satisfies
This enables for the ultimate normalization which kills the θ 1 ∧ θ 2 term in dθ 1 . It is obtained by taking the section
. After this normalization the system (4.5) reduces to the original five manifold M on which the para-CR structure is defined. It brings the initial forms ω µ satisfying the system (4.3) to the fully para-CR invariant forms θ µ on M, via the formula θ µ = S µ ν ω ν , where the matrix S = (S µ ν ) is given by:
The resulting para-CR invariant EDS on M is presented in the following statement. Theorem 4.3. Every PDE five variables para-CR structure on a 5-dimensional manifold M with the relative invariants I 3 = 0 and I 3 |5 = 0 uniquely defines five 1-forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) on M which satisfy the following exterior differential system (4.6)
Here, the coefficients c 1 This theorem, with the reasoning preceding it, assures that the only possible homogeneous PDE five variables para-CR structures with I 3 = 0 and I 3 |5 = 0 are those that correspond to the forms (θ 1 , θ 2 , . . . , θ 5 ) satisfying the system (4.6) with all coefficients c 1 , c 2 , . . . , c 15 being constants. If such structures exist, these constants must satisfy the system (4.6) and its differential consequences d(d(θ µ )) = 0 for all µ = 1, 2, 3, 4, 5. This is a very strong condition which have only one solution, given by:
. It is easy to see that the case when I 3 = 0 and
in an open set is impossible. Indeed, using the EDS from Proposition 4.1 and the condition that I 3 |5 = 0 we see that
i.e. that in particular I 3 = 0 in the open set, which is a contradiction. Summarizing we have the following Corollary 4.4. The only possible two homogeneous models of a PDE five variables para-CR structure with I 3 = 0 must be described by invariant forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) satisfying (4.7)
Here = ±1, and the structures with different values of are para-CR nonequivalent.
We will realize these two homogeneous structures with a 5-dimensional symmetry algebra in Section 4.4. Proposition 4.5. The defining coframe (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) of a PDE five variables para-CR structure with I 3 = 0 can be chosen in such a way that it satisfies the following EDS: 
Similarly, Corollary 4.2 now takes the form:
Corollary 4.6. The torsion normalization equations (3.10) applied to the forms (3.7) with (ω 1 , ω 2 , ω 3 , ω 4 , ω 5 ) with I 3 = 0 as in (4.3) yield the following para-CR invariant differential system (4.10)
So if I 3 = 0 in an open set, the structural functions I 1 and I 2 are relative invariants of the considered para-CR structures.
We first analyze the case when
If the relative invariant I 2 = 0 we can normalize the term at θ 1 ∧ θ 2 in dθ 5 to 1, e −3φ I 2 ρ 3 = 1,
reducing the system (4.10) by one dimension, due to the choice of the section
After this normalization the form Ω 2 becomes dependent on the forms Ω 1 , θ µ , and thus it disappears from the equations (4.10). Actually, the entire combination Ω 2 − 1 2 Ω 1 disappears from these equations. This in particular gives
Here u 1 is an auxiliary variable introduced when normalizing the system (4.10). It is analogous to u 1 introduced in (3.14) . The quantity L depends on the structural function I 2 , its derivatives, and the free fiber coordinates φ, f 2 andf 2 , only. The explicit linear u 1 -dependence of K, where the u 1 term is multiplied by (I 2 ) 7 3 , which is assumed not to vanish, enables us to normalize the coefficient at θ 1 ∧ θ 2 in dθ 2 to 0,
This eliminates the auxiliary variable u 1 from the system.
After this normalization we get in particular that:
This enables for further reduction, by forcing the coefficient of θ 2 ∧ θ 4 to vanish. This results in the restriction of the system (4.10) to the section
, on which the form Ω 4 becomes dependent on θ µ s. Thus, it is not present in the reduced system in which, in particular the differential of θ 2 reads:
This shows that when I 3 = 0 and I 2 = 0, which we assume in this section, the structural function I 2 |5 is a relative invariant of such para-CR structures. In particular, if we have two para-CR structures, one with I 2 |5 = 0 and the other with I 2 |5 = 0, then they are locally para-CR nonequivalent. Let us first concentrate on the case when
. This results in further reduction of the system (4.10) to the section on which
This makes Ω 1 dependent on θ µ s only, and eliminates Ω 1 from the variables in the reduced EDS. Then in particular, the differential of θ 1 satisfies
.
After this normalization the system (4.5) reduces to the original five manifold M on which the para-CR structure is defined. It brings the initial forms ω µ satisfying the system (4.3) to the fully para-CR invariant forms θ µ on M, via the formula θ µ = S µ ν ω ν , where the matrix S = (S µ ν ) is given by:
9(I 2 )
The resulting para-CR invariant EDS on M is presented in the following statement.
Theorem 4.7. Every PDE five variables para-CR structure on a 5-dimensional manifold M with the relative invariants I 3 = 0, I 2 = 0 and I 2 |5 = 0 uniquely defines five 1-forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) on M which satisfy the following exterior differential system (4.11)
Here, the coefficients c 1 , c 2 , . . . , c 12 are totally expressed in terms of the structural functions I 1 , I 2 and their derivatives. They are uniquely defined by the para-CR structure on M (but their explicit forms are not relevant here) . Two different PDE five variables para-CR structures with their corresponding relative invariants I 3 = 0, I 2 = 0 and I 2 |5 = 0 are locally para-CR equivalent if and only if their corresponding 1-forms θ µ andθ µ can be transformed to each other by a local diffeomorphism Φ, i.e. if and only if Φ * (θ µ ) = θ µ for all µ = 1, 2, 3, 4, 5.
The above theorem, and the reasoning preceding it, assure that the only possible homogeneous PDE five variables para-CR structures with I 3 = 0, I 2 = 0 and I 2 |5 = 0 are those that correspond to the forms (θ 1 , θ 2 , . . . , θ 5 ) satisfying the system (4.11) with all coefficients c 1 , c 2 , . . . , c 12 being constants. If such structures exist, these constants must satisfy the system (4.11) and its differential consequences d(d(θ µ )) = 0 for all µ = 1, 2, 3, 4, 5. This is a very strong condition which has a one parameter family of solutions only. This family is given by:
where s is a real parameter.
It is easy to see that the case when I 3 = 0 and
in an open set is impossible. Indeed, using the EDS from Proposition 4.5 and the condition that I 2 |5 = 0 we see that
i.e. that in particular I 2 = 0 in the neighbourhood, which is a contradiction. The last case to consider when I 3 = 0 is to assume that
in an open set. If this is the case we also have I 2 |5 = 0 in the equations of Proposition 4.5. Then using the second equation (4.9) we find that
which implies that I 1 |3 = 0 in the open set. Having established this we get that
i.e. that also I 1 = 0 in the open set. Thus, the assumption that I 3 = I 2 = 0 in an open set implies that also I 1 = 0 in the same open set, i.e. that all the fundamental invariants of the para-CR structure in question vanish. Therefore if
the corresponding para-CR structure is locally para-CR equivalent to the flat model described in Section 2.2.
Summarizing we have the following (ii) must be described by the invariant forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) satisfying (4.12)
Here = ±1, s is an arbitrary real number, and the structures with different values of ( , s) are para-CR nonequivalent.
We will realize these homogeneous structures in the next Section. (ii) must be described by the invariant forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) satisfying the system (4.7) or (iii) must be described by the invariant forms (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 ) satisfying the system (4.12).
The structure (i) has SO(3, 2) as the local group of para-CR symmetries, whereas the structures described in (ii) and (iii) have maximal local group of para-CR symmetries of dimension 5. There are no homogeneous models of such para-CR structures with a local symmetry group of exact dimensions six to nine.
In this section we will show that all the structures described in this proposition do exist, and will associate a system of PDEs on the plane, of the form (3.1)-(3.3), to each of them.
We have the following statement.
Theorem 4.10. All homogeneous models of PDE five variables para-CR structures are given, in terms of their defining PDEs, by
this is the case corresponding to (ii) in Proposition 4.9 with = −sgn(z xx ) ,
this is the case corresponding to (iii) in Proposition 4.9 with = −sgn(z xx ) and s ≤ −3·2 − 5 3 ; of course z x > 0,
where the function f is determined by the implicit equation
this is the case corresponding to (iii) with = −sgn(z xx ) and s > −3·2 − 5 3 .
Proof. We first show that the case (ii) in the theorem realizes the EDS (4.7), and therefore exhausts all possible homogeneous PDE five variables para-CR structures with I 3 = 0.
We start with the PDE system
and associate with it the coframe (ω µ ), µ = 1, 2, . . . , 5 via (3.4). Explicitly, we have:
(4.16) 
which has values in the allowed para-CR group G 0 as in (3.8), transforms the coframe (4.16) defining the PDE five variables para-CR structure of the system (4.15) to the invariant forms θ µ = S µ ν ω ν satisfying the homogeneous system (4.7), provided that ε = −sgn(r) = −sgn(z xx ). Now we show that the EDS (4.12) with s ≤ −3·2 − 5 3 is realized by the PDE five variables para-CR structure associated with the system (4.17)
Using this PDE system we define the corresponding PDE five variables para-CR structure via the coframe (3.4 ). This reads:
Now introducing the matrix
with t = (b−2)(b+1)(2b−1) 1 3 and = −sgn(z xx ), which again has values in the allowed para-CR group G 0 as in (3.8) , it is easy to see that the transformed coframe θ µ = S µ ν ω ν with ω µ s as in (4.18), satisfies the homogeneous system (4.12) with
Looking at the range of the function b → s = s(b) we see that the PDE system (4.17) realizes the EDS (4.12) for all the values of s ≤ −3·(2) − 5 3 . For this it is enough to take 1 ≤ b < 2.
The last part of the proof is to show that the PDE system with f = f(z x ) and h = h(x) as in (4.13)-(4.14) corresponds to a PDE para-CR structure realizing the system (4.12) with the parameter s belonging to the remaining range s > −3·(2) − 5 3 . This is a bit more tricky since we have no explicit dependence of f and h on z x . To deal with this situation we observe that the general solution to the equations (4.19), (4.13)-(4.14) is Now it is easy to see that the transformation ω µ → θ µ = S µ ν ω ν with 
Lie Symmetry Algebras
The point automorphism groups for cases (i), (ii), (iiia), (iiib) can be determined infinitesimally. Indeed, a vector field with unknown coefficients A i = A i (x, y, z, p, r), i = 1, . . . , 5:
should act on 1-forms as the matrix (2.4), so that: In the CR context, observe that if S 2 ⊂ R 3 is an affinely homogeneous parabolic surface, then the tube M 5 := S 2 ×iR 3 has transitive holomorphic symmetry algebra hol(M), with an Abelian ideal a := Span {i∂ z 1 , i∂ z 2 , i∂ w }. Conversely, for an M 5 ∈ C 2,1 , it is not difficult to show that if hol(M) ⊃ a contains an Abelian ideal a with rank C a = 3, then M 5 ∼ = S 2 × iR 3 is biholomorphically equivalent to the tube over an affinely homogeneous parabolic surface S 2 ⊂ R 3 .
In the para-CR context, all the Lie algebras in cases (i), (ii), (iiia), (iiib) have a 3-dimensional abelian ideal.
Corollary 5.2. The Lie algebras of infinitesimal point automorphisms of the homogeneous models (ii), (iiia), (iiib) are all 5-dimensional and solvable, and are given in the (x, y, z, p, r)-space by the following generators together with their Lie brackets: X 1 := x ∂x + 1 2 y ∂y + 3 2 z ∂z + 1 2 p ∂p − 1 2 r ∂r, X 2 := y ∂x − 2 x ∂z − 2 ∂p, (ii) X 3 := ∂x, X 4 := ∂y, X 5 := ∂z,
(iiia) X 3 := ∂x, X 4 := ∂y, X 5 := ∂z, 
